Pensieve Header: Wheeled Semi-Symmetrized calculusin the 2D quotient.

Continues “ Semi-Symmetrized 2D Calculus.nb”, “A 2D B-Picture, I1V.nb”, uses computations from “BCH in
Blobs.nb”.

SetDirectory["C: \\drorbn\\ Academn cPensi eve\\ Proj ect s\\ w-Conput ati ons" ]

C:\drorbn\ Academ cPensi eve\ Proj ect s\ w-Conput at i ons
arfi_, j_1 :=t[i1h[j]
uCol lect [u_] := Collect [u, _h, Collect[#, _t, FullSinplify] &];

Set Attributes[uForm Listable];
uForm[u_1 : = Modul e[
{tails, heads, mat},
tails = Union[Cases[u, t[s_] =» s, Infinity]l;
heads = Union[Cases[u, h[s_] = s, Infinity]];
mat = Quter [Full Sinplify[Coefficient [u, h[#l]t [#2]]] & heads, tails];
PrependTo[mat, t /@ tails];
mat = Prepend[Transpose[mat ],
Prepend[h /e heads, u /. (h[_]|t[_]) - O]
1
Mat ri xFor m[mat ]
1

Heads Works

hm[x_, y_, z_1[e_1 := Mdule[
{& n},
g€ = D[y, h[x]1;
n = Dlu, hiyll;
uCollect [(u /. h[x |yl >0) + E€h[z] + (1+& /. t[s_]=>c[s])nh[z]]
1
hafz_, x_, y_1[u_]1 := pCollect[u /. h[z] » h[x]+h[y]];

hS[x_]1[u_] := Modul e[{B},
B =1+ D[y, h[x]] /. t[s_]=»cC[s];
pCol lect [ /. h[x] » -h[x]/RB]
I

hm[3, 4, 5][ar [1, 3] +ar [2, 4]]

h{5] (t[1]+ (1+c[l])t[2])

hm[3, 4, 5]1[ar [1, 3] +ar [2, 4]] // uForm

0 h[5]
t[1] 1
t[2] 1+c[1]

m Associativity of Heads Multiplication
pl =alar[l, 1] +a2ar [2, 2] +a3 ar [3, 3]
alh[1]t[1] +a2h[2]t[2] +a3h[3]t [3]
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ul // pForm

t[(1] ol O
t2] 0 o2
t[(3] 0 0 a3

ul // hm[l, 2, 1] // uForm

0 h[1] h[2] h[3]
0
0

0 hil] h[3]
t[1] ol 0
t[2] a2+ala2c(1] 0
t [3] 0 o3

(t1=pl // hm1, 2, 11 // hm[1, 3, 1]) // wForm

0 hil]
t[1] al
t[2] a2 +al a2 c[l]
t[3] a3 (l+alc[l]) (L+a2c[2])

(t2 = pl // hm[2, 3, 21 // hm[1, 2, 1]) // wForm

0 h[1]
t[1] al
t[2] a2 +alo2c[l]
t[(3] (1l+alcfl]) (a3+a2a3c[2])

(t1-t2) // uForm

0 hil]
t[i1] o
t[i2] o0
t[i3a] o

= Compatibility of m and A

u=alar[l, 1] + a2ar [2, 2];

{
u // ha[l, 1, 31 // ha(2, 2, 41 // hm[l, 2, 11 // hm[3, 4, 2],
u // hml, 2, 11 // ha[l, 1, 2]

} // uForm
0 hi1] hi2] 0 hil] h(2]
t[1] al ol ] ol ol }

t[1
t[2] a2+ala2c[l] a2+ala2c[l] t[2)] a2+ala2c[l] a2+ala2c[l]

m The Antipode Property

{
aar[1, 11 // ha[1, 1, 21 /7 hS[2] // hm[1, 2, 1],
aar[1, 11 // ha[l, 1, 21 /7 hS[2] // hm[2, 1, 1]
}

{0, 0}
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Factorization

hfac[z_, xtails_List -» x_, y_]1[u_]1 := Mdule[
{ytail s},
ytails = Conpl ement [
Union[Cases[u, t[s_] =» s, Infinity]l,
xtails
IN
hfac[z, xtails » x, ytails -» y][u]
1
hfac[z_, x_, ytails_List » y_][u_]1 := Mdule[
{xtails},
xtails = Conpl enent [
Union[Cases[u, t[s_]1 =» s, Infinity]l,
ytails
1
hfac[z, xtails -» x, ytails -» y][u]
1

hfac[z_, xtails_List » x_, ytails_List » y ][u_] := Mdul e[
{& & n},
£ = D[y, h[z]l;
E=2C /. ((t[#] »0) & /e ytails);

n e /. ((t[#] »0) & /e xtails);
uCol | ect [u-h[z]§+h[x]§+h[y]n/(1+§ /. ts_1-c[s])]

]

hm[3, 4, 5]1[ar [1, 3] +ar [2, 4]] // uForm

0 h[5]
t[1] 1
t[2] 1+c[1]

hm[3, 4, 5][ar [1, 3] +ar [2, 4]] // hfac[5, {1} » 3, 4]
h[3]t[1] +h[4]1t[2]

Conjugation

(M2 = agar[l, 1] + apar[2, 1] + azar[2, 2] + azar [2, 3]) // uForm

0 h[l] h[2] h[3]
t[1] a 0 0
t [2] a2 a3 aq
Warning: Presently conj is designed to work only in the no-feedback case.
conj [y_, x_1[u_] 1= Modul e[

{§&, n, a},
g€ = D[p, h[x1L;
n = D[y, tIyll;

a=1+¢& /. t[s_] » c[s];
uCol lect [(u /. t[y] - at[yl) -clyl €n]
IN
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u2 // conj [1, 2] // uForm

0 h[l] hi2] h(3]
t[1] a1 (1+C[2] a3) 0 0
t[2] ap-c[1l] o1 a3 o3 g

(t1 = w2 // conj[1, 2] // conj[1, 3] // hm[2, 3, 2]) // wuForm

0 h[1l] h(2]
t[1] a; (L+c[2] a3) (L+C[2] aa) 0
t[2] az-c[l]loq (aa+o03 (1+C[2] aa)) aa+ag (L+C[2] aa)

(t2 = w2 // bm2, 3, 21 // conj [1, 21) // wuForm

0 h(1] h[2]
t[1] a; (L+c[2] a3) (L+C[2] aaq) 0
t[2] az-c[l]log (aa+o03 (1+C[2] aa)) aa+ag (L+C[2] aa)
tl1=t2
True
.“4T"
Rfflef
Composeli st [

ops = {conj [2, 1], ha[l1, 1, 3], hm[2, 3, 2], ha[l, 1, 31, hS[3], hm[3, 2, 2]},
ajar[1, 11 + ap ar [2, 2]

1// uForm
ops
1
0 h[l] h[2] 0 hi1] h[2]
t[1] ai 0 , conj [2, 1], |t [1] fodt -C[2] aq az ,
t[(2] o0 az t[2] 0 (1+c[l]lo) o
0 hi1] h(2] h[3]
hA[l, 1, 3], t[l} aq —C[Z] aq O aq , hm[2, 3, 2},
t[(2] 0 (d+c[lloa)az O
0 hi1] h[2] 0 hi1] h[2] h[3]
t[1] (o %1 o s hA[l, 1, 3], t[1] a1 o1 o1 ,
t[2] 0 (1+c[l]o) o t[2] 0 (l+c[lloa)az O
0 h[1] hi2) h[3] 0 h[l] h[2]
hS(3], [t[1] o o “Teia | hmis 2,21 [t a0 |}
t[(2] 0 (1+c[l]o) o 0 t[(2] O a2

ajar[1, 11 + apar [2, 2] (Exp[c[2]1]1-1) /c[2] // conj[2, 11 // ha[l, 1, 3] //
hm[2, 3, 21 7/ harl, 1, 31 7/ hS[31 7/ hm[3, 2, 2] // uForm

0 h[1] h[2]
t[1] o1 0
<7l+ec[2:) o2

c[2]
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Riffle[

Conposeli st [
ops = {har1, 1, 31, hm[2, 3, 21, ha[i, 1, 31, hS[3], hm[3, 2, 2]},
ajar [1, 11 + az ar [1, 2]
1// uForm

ops

, hm[2, 3, 2],
] o o?) t[l] o o o ) [ ]

{(t[ol hi{l] h[2] ) harl, 1, 31, ( 0 h[l] h[2] h[3]
( 0 hil] h[2]

t[1] a1 oz +ar (L+c[1l] a2)
0 h[1] h[2] h[3]

U1 a apron (1+0[1] a0) -~ ot ] i3, 2. 2],

)’ ha(l, 1, 3], ( 0 h[1] h({2] h[3] )’

t[l] a1 Qo + A1 (1+C[1]O(2) o1
0 h[l] h[2]
t[1] o oo )}




